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The purpose of this project is to solve a curve interpolation problem using cubic splines.
This type of problem arises frequently in computer graphics and in robotics (path planning).

Recall from Homework 1 that polynomial curves of degree < m can be defined in terms
of control points and the Bézier polynomials. Cubic Bézier curves are often used because
they are cheap to implement and give more flexibility than quadratic Bézier curves.

A cubic Bézier curve C(t) (in R? or R3) is specified by a list of four control points
(bo, by, ba, b3) and is given parametrically by the equation

C(t) = (1— )by + 3(1 — )% by + 3(1 — )2 by + 3 bs.

Clearly, C(0) = by, C(1) = b3, and for ¢t € [0, 1], the point C(t) belongs to the convex
hull of the control points by, by, ba, b3.

Interpolation problems require finding curves passing through some given data points and
possibly satisfying some extra constraints.

It is known that Lagrange interpolation is not very satisfactory when N is greater than
5, since Lagrange interpolants tend to oscillate in an undesirable manner. Thus, we turn to
Bézier spline curves.

A Bézier spline curve F is a curve which is made up of curve segments which are Bézier
curves, say C,...,Cy, (m > 2). We will assume that F' defined on [0,m], so that for
1=1,...,m,

Ft)y=Ci(t—1+1), i—1<t<i.

Typically, some smoothness is required between any two junction points, that is, between
any two points C;(1) and C;11(0), for i = 1,...,m — 1. We require that C;(1) = C;41(0)
(C°-continuity), and typically that the derivatives of C; at 1 and of Cj;; at 0 agree up to
second order derivatives. This is called C?-continuity, and it ensures that the tangents agree
as well as the curvatures.

There are a number of interpolation problems, and we consider one of the most common
problems which can be stated as follows:



Figure 1: A C? cubic interpolation spline curve passing through the points xg, 1, x2, s,
Ty, T5, Te, L7

Problem: Given N + 1 data points o, . .., 2, find a C? cubic spline curve F, such that
F(i) =z foralli,0 <i< N (N >2).

A way to solve this problem is to find N + 3 auxiliary points d_1, ..., dyy1 called de Boor
control points from which N Bézier curves can be found. Actually,

d_1=xp and dyy1 =N

so we only need to find N + 1 points dy, ..., dy.

It turns out that the C*-continuity constraints on the N Bézier curves yield only N — 1
equations, so dy and dy can be chosen arbitrarily. In practice, dy and dy are chosen according
to various “end conditions,” such as prescribed velocities at xy and xy. For the time being,
we will assume that dy and dy are given.

Figure 1 illustrates an interpolation problem involving N + 1 =7 + 1 = 8 data points.
The control points dy and d; were chosen arbitrarily.

It can be shown that dy,...,dy_1 are given by the linear system
% 1 d1 6:1,’1 - %do
1 4 1 0 ds 62
0 1 4 1 dn_s 6rN_2
1 1) \dyoa 6xn_1 — Sdy

The derivation of the above system assumes that N > 4. If N = 3, this system reduces

to
% 1 dl . 61E1 - %do
() ) ()
When N = 2, it can be shown that d; is given by

1

1
dl = 2(]31 — édo — §d2

Observe that when N > 3, the above matrix is strictly diagonally dominant, so it is
invertible. Actually, the above system needs to be solved for the z-coordinates and for the
y-coordinates of the d;s (and also for the z-coordinates, if the points are in R?). Once the



above system is solved, the Bézier cubics C1,...,Cy are determined as follows (we assume
N >2): For 2 <i < N — 1, the control points (b, 0%, bb, b4) of C; are given by

bfé = Tj-1

2 1
bz - —di, —di
1= 3%t g

A 1 2
bz — _di— _di
? 3 1 + 3

The control points (b}, b}, b3, bL) of Cy are given by

b[l):xo

bi = dy
1 1

by = ~do + ~d

2= 5% + 54

bé = Ty,

and the control points (b, bY, b)Y, bYY) of Cy are given by
bév = ITN-1
1 1
bY = ~dy_1 + =d
1= 50N + 5 IN
bY =dy
b:j))v = TN-.
Prove that the tangent vectors mg at xyp and my at zy are given by

mo = 3(d0 — IL‘())

my = 3((13]\[ — dN)

End Conditions.

One method to determine the points dy and dy is the natural end condition, which
consists in setting the second derivatives at xo and at xy to be zero, that is,

C{(0)=0, C¥(1)=0.
(1) Prove that the second derivative at by of a Bézier cubic specified by the control points

(607 b17 b27 bS) iS
6(bg — 2b1 + by),

and the second derivative at bs is

6(by — 2bs + bs).

3



Prove that our system becomes

4 1 dy 6x1 — xg
1 4 1 0 dg 6$2
0 1 4 1 dn_2 6z N2
1 4 dN_1 65L'N—1 — IN
where dy, dy are given by
2 1
dy = = —d
0 3330+ 30
1 2
dy = ng—1 + §£EN-

Note that dy is on the line segment (zo,d;) (1/3 of the way from xy) and dy is on the line
segment (dy_1,2x) (1/3 of the way from zy).

In the above derivation we assumed that N > 4. If N = 3, show that this system reduces

to
4 1 dl o 6(L’1 — 2o
1 4 dg B 6£L‘2 — I3 '

Another method to determine the points dy and dy is the quadratic end condition, which
consists in requiring that the second derivatives at xy and at x; agree, and similarly for the
second derivatives at xy_; and zy; this means that

CY(0) = CY(1) and  C}(0) = Ch(D).

(2) Prove that our system becomes

5 1 dl 7371 — Ty
1 4 1 0 dg 633‘2
0 1 4 1 dn_o 6z N2
1 5 dy_1 TTN_1 — TN

where dy, dy are given by

2 2
do = d1 + gl’o — gl’l
2 2
dy =dy-1+ TN — =TN-1-

3 3
Geometrically, the vector dy— d; is equal to %(:L‘O — 1) and similarly the vector dy —dy_1
is equal to %(:UN — xy_1); in particular, the line segments (do, d;) and (zg, ;) are parallel,
and so are (dy,dy_1) and (zn,xN_1).



In the above derivation we assumed that N > 4. If N = 3, show that this system reduces

5 1 d1 - 71’1 — 2o
1 5 d2 o 7ZE2 — T3 '
Yet another method known as Bessel end condition is to require the first derivative C1(0)
at xop to be equal to the first derivative of the unique parabola passing through xq, z1, 2, for

t =0,1,2, and to require the first derivative Cy(1) at xy to be equal to the first derivative
of the unique parabola passing through xy_o, xn_1, 2N, for t =0,1, 2.

to

A parabola passing through o and x5 as above is given by

(2 —1)? (2—1t)t t?
— b _
1 Ty T

so to require that C'(1) = z; means that

1 1 1
Ty = Zxo + 551 + 151027
which yields
bl = —§.T0 + 21’1 — 533’2‘

(3) Show that

3
moy = CI(O) = bl — Xy = —§$0 + 2[E1 — 5232,

and using the fact that dy = z¢ + %mo, show that

1 1 1
dy = 5350 + 5(% + §($1 — $2))

Geometrically, dy is the midpoint of the line segment from x( to a point obtained by extrap-
olation from z; and xs (1 + %(xl — 3)).

Similarly, for the parabola interpolating zy_o, xxy_1 and xy, we get

by = 5 TN +2zN_1 — 3TN

and show that

my = C’(Z) = TN — bN = 51’]\[,2 — 256']\[71 + 51‘]\7,

imy, show that

and using the fact that dy = xny — 3

1 1 1
dy = 5 TN-1+ §($N—1 —aN_2) | + §5UN~



Geometrically, dy is the midpoint of the line segment from zy to a point obtained by
extrapolation from xy_; and xy_o (zx_1+ %(mN_l —n_9)). Note that the above derivation
is correct for N > 2.

Finally, there is the not a knot end condition, which consists in forcing the first two
Bézier segments C; and C5 to belong to the same cubic curve, and similarly for the last
two Bézier segments Cy_; and Cy. This amounts to require that C7"(1) = C4’(0) and
Cra(1) = CF(0).

(4) Prove that the third derivative at by and at bs of a Bézier cubic specified by the
control points (by, by, b, b3) is

6(—bo + 3by — 3by + b3).

Prove that if N = 3, then

8 7 2
T P
0= glo T ghtt gtz 3%

1 4 1
d1 = —61’0 —+ §$1 — 6]32
1 4 1
dg = —Eiﬁ + ng — 6233
7 8 7 2
ds = — — — o — —d
TR TR A b
are already computed in terms of xg, ..., x3, and there is no need to solve any linear system.
Prove that if N = 4, then
1 4 1
dl = —EZ’Q + §£L‘1 — 6.732
1 4 1
dg = —61’2 -+ 55(73 — 6[L’4
3 1 1
d2 = 5.]72 — Zdl — L_ldg
8 7 2
dy = — — — Ty — —d
TR A TE
8 7 2
d4 = —Xo+ =Xz + —Tyg — —dg.

18 9 18 3

Prove that if N > 5, our linear system becomes the (N — 3) x (N — 3) system

4 1 0 0 dg 61’2 + %33'0 — %l’l + %1’2

1 4 1 0 ds 613

0 1 4 1 dN_g 61‘]\[_3

0 0 1 4 dn_2 6rn_2 + %xN—Q — %fEN—1 + %HSN



and dy, dy,dy_1,dy are given by

do = 20+ Sy + ¥
0= Jgto T gt T gt T g

g - 1 +4 1
1= 6% 3I1 6$2
1 4
dy_1 = _éxN72 + §$N71 - 6$N
d ’ +8 —1—7 2d
= —In_o+ —XN_ —an — —dy_a.
N = gUN-2 T GIN-1 T TolN T gldN-s

If N =5, this system reduces to
4 1 dg . 61’2 + %Io - %xl + %IQ
1 4) \ds) \6zs+ try— 3Ty + g5 )

(5) Implement the Gaussian elimination method with partial pivoting as well as the
method for solving a triangular system by back-substitution.

Use your program to solve several instances of the interpolation problem. Verify that no
pivoting is needed.

(6) Implement the LU-factorization method for tridiagonal matrices and test it on the
same interpolation problems as in (5).

Do you notice any improvement over Gaussian elimination (running time, numerical
precision)?

(7) After computing di,...,dy_1, compute the control points for the Bézier curves
C1,...Cy and write a program to plot these Bézier segments (for ¢ € [0, 1]) to visualize
the interpolating spline. Experiment with the choice of end conditions.

TOTAL: 300 points.



